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Multiple Phases and Return to Equilibrium
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This paper considers the problem of return to equilibrium for perturbations of
the dynamics of the one-sided and two-sided XY-models with external field. We
find that, in the presence of multiple ground states, return to equilibrium fails
for certain perturbations while still holding wen there is a unique ground state.
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C*-algebra; spectral theory.

1. MAIN RESULTS

The problem of return to equilibrium in the XY-model has received con-
siderable attention recently.!*%¢1%) The interesting feature of this model is
that it exhibits irreversible behavior which may be analyzed explicitly.
Araki and Matsui have also studied the ground states of the X Y-chain in
an external field and determined the detailed behavior of the set of ground
states as a function of the anisotropy and field strength. Of greatest interest
is the transition from the regime with two ground states to that with a
unique ground state. In comparing the results of ref. 4 with those of ref. 10,
it seemed likely that the presence of two ground states rather than one
could be detected by irreversible behavior under perturbations of the
dynamics. The present study confirms that this is indeed the case.

To describe in more detail how this occurs, consider the XY-
Hamiltonian for a one-dimensional spin chain of length 2N+ 1 with
Hamiltonian

1Nt N . il
Hy= -2 { Y [0+ o6V +(1—y)6PeUr D]+ 41 ¥ af{’}
j=—N j=—N
(1.1)
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Here the 6%, where a=x, y, z, are the Pauli spin matrices at each site
jeZ. The parameter A is the field strength and y is the anisotropy
parameter. Both these parameters are real numbers. Let /5 denote the
algebra generated by the Pauli matrices at each site. It is, for the infinite
chain, the C*-algebra consisting of the infinite tensor product of the 2x2
matrices. The time evolution of an observable A € .o/% defined by®
1,(A)= lim e™¥4e="HN (1.2)
N— o0

Our main results concern the return to equilibrium or its failure, as a
function of the parameters in the Hamiltonian, after perturbing this
dynamics. We consider perturbed one-parameter groups {r7} where the
perturbation is obtained by adding to each H a fixed element of &7° of the
type described as local and quadratic in ref. 10; a precise definition is also
given below. As an indication of the results, we show, for example, that
there exist perturbations P of the dynamics such that return to equilibrium
fails to occur for |A} < 1/2 but does occur for all other values of A. In our
notation |4| = 1/2 is the critical field strength above and at which there is
one ground state and below which there are two. Thus, the presence or
absence of multiple ground states may be detected by the nonequilibrium
behavior of the model. As the behavior of the XY-model near this critical
field strength is typical of critical behavior for a wide range of models (the
two-dimensional Ising model being one), we anticipate that a similar
phenomenon occurs for them as well.

The first step in the analysis of this problem is to introduce the
Jordan-Wigner transformation following Araki.®) First enlarge /° by
adjoining a new element T having the properties

T =1, T*=T, TAT=0 (A) for Aesd® (1.3)
where 6 is the automorphism of .«/% given by
-N —-N
0_(A)= lim <H ai”)A(H agf’> (1.4)
N - j=0 j=0

Within this enlarged algebra, denoted by &/, we introduce annihilation and
creation operators by

cx=TS(cP +icP)2,  ¢,=TS;(cV —ic()2 (L.5)
where
Si=oW.gU=D if j>1
S,=1 it j=1

— ~0) ()] i 1
S;=6...a¥ if j<0
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The following relations then hold:
[cj, Ck:|+ = [cj*7 Cli'k]-# =0’ [Cja C;:]‘F :5jk1 (16)

Thus &/ also contains the CAR algebra, denoted by o/ “AR, generated by
these annihilation and creation operators. There is an automorphism of &
specified by sending 6 to —¢¥, 6% to —¢!” (and fixing ¢'”). Elements
of the algebra are called odd or even, depending on whether they lie in the
—1 or +1 eigenspace of this automorphism. The intersection of the spin
and CAR algebras contains all the even elements of &/““® and 5. In
particular, it contains the local Hamiltonians described above, for, as an
element of o7,

N | —

{Z [(¢Feor+chrc) 4 7(ckehy 460100

j=—N

+ 2 Z 26‘6’—1} (1.7)

j=—N

From this it was shown in ref. 5 (also see refs. 8 and 10) that there exists
an automorphism group of the enlarged algebra </ which extends {z,} and
furthermore restricts to the CAR algebra as an automorphism group of
o/ “AR We will use the same notation for all three. Indeed, the intersection
of the CAR and spin algebras remains invariant under the automorphism
groups. As in refs. 6 and 10, it follows for each e R that there exists a
unique (z, §)-KMS state on .«/° and a unique (t, §)-KMS state on .o/ “A®
and that they have the properties that these states agree on the intersection
'of the two algebras and are identically zero on the odd elements.

Finally, the action of the automorphism group is represented in
its simplest form by regarding .o«/“*® as a complex Clifford algebra (or
self-dual CAR algebra in Araki’s” terminology). Thus, letting /,(Z) be
the usual sequence space, we introduce c*(f )=2,cz¢'f; and c(f)=
2ez6¢f;, where f=(f)el,(Z). Then we define B(h)=c*(f)+c(g),
where h= ( ). The complex Clifford algebra is generated by {B(h): he
L®L(Z)}, which satisfy

[B(h)*, B(hy)], =(hi, hy)1,  B(h)*=B(I'h) (1.8)

where
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and (hy, hy)=(f1, f2) + (&1, &) for

hk=(fk> for k=1,2
&k

and (fl,f2)=zjezf1,jf2’j. Now the dynamics is seen to act in a
particularly simple way on these operators as

t(B(h)) = B(e™'h) (1.9)

with
- 20+ (U+U*)/2 WU —=U*))2
K_< - (U—-U*)2 21— (U+ U*)/2> (1.10)

where U is the left shift operator on /,(Z); ie., (Uf);= f;4 1, (U¥f),=f;_,.

We now consider perturbations of the XY-dynamics which also act
on the CAR-algebra in the manner described for the unperturbed XY-
Hamiltonian in (1.12). Such perturbations are the means by which we
depart from the given equilibrium state (the unique KMS state for the
group t,) and which leads us to investigate the question of return to
equilibrium.

A first characteristic we require of such a perturbation is that it is
implemented by some fixed self-adjoint element P of .. The perturbed
automorphism group {t*} is obtained by adding P to the H, of (1.1) and
taking a limit as in (1.2).%'% A second requirement is that the self-adjoint
operator is quadratic. This is to mean that P= P*e &/Sn /AR and
[P, B(h)]=B(Vh) for hel,®I,(Z), where V is some bounded self-adjoint
operator on I, @ /,(Z). The first result of these various restrictions is that
the automorphism group t* extends to the larger algebra &7 and restricts
as a x-automorphism group of .o/ “*®. Further, for each feR there is a
unique (¥, §)-KMS state on each of the algebras discussed above which
agrees on the intersections and is identically zero on the odd elements.
Furthermore, the action of the perturbed automorphism group is also
simply described by

T (B(h)) = B(e"** 1)) (1.11)

If there is a finite interval 7< Z such that Vh(n)=0 for n¢ and he
L, ®1,(Z), then P is said to be local and quadratic (in the CAR elements)
and the corresponding V a local perturbation. This operator V is then finite
rank. The smallest interval 7 in the above is denoted by supp V. The third
requirement of the perturbation is that P is local.
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In terms of elements of /5, the local quadratic perturbations include
finite linear (but not quadratic) combinations of the ¢¥/. Also included are
those combinations of Pauli matrices translating to self-adjoint quadratic
expressions in the annihilation and creation operators, though the presen-
tation need not be so simple in Pauli operators. Henceforth by a perturba-
tion ¥ we will mean one arising from the requirements of the preceding
paragraph on P. Of special interest is the “decoupling” perturbation given
by

i+ ato+(1—y)aja,] (1.12)

The main result on which all else hinges concerns the spectrum of such
perturbations.

Theorem 1.1. Let V denote a self-adjoint local operator. Then the
singular continuous spectrum of K+ V' is empty. The spectrum of X+ V
consists of a finite number of eigenvalues and, if > # 1 or A #0, one or two
closed intervals of R which are the absolutely continuous spectrum of
K+ V. The absolutely continuous spectrum is empty in the exceptional
case.

The general framework for discussing return to equilibrium involves
the comparison of the two one-parameter groups of automorphisms of the
CAR algebra 7 and 7" given by (1.9) and (1.11). The norm limits y , (4) =
lim,, .. 1% ,7/(A4) exist for all elements A of the CAR algebra and are
quasifree »-morphisms in the sense that there exist bounded operators O,
on [, ®,(Z) with y, (B(h))= B(O .(h)), where

0+(/’l) = lim e—it(K+ V)eitKh

- t— +oo

The range of O, is the subspace corresponding to the absolutely con-
tinuous part of the spectrum of K + V. Moreover, y_, 7,=1Fy_ for all re R.
The inverses O ;' exist on the range of O, and define *-morphisms y ' on
the subalgebra of the CAR algebra generated by the B(h) with & in the
range of O, .

Returning to the Paulion algebra /%, we again use the same notations
7 and t* to denote the related automorphisms of .«/; both automorphisms
may be regarded as restrictions of the same on a common larger algebra
as explained above. Also these groups have a unique KMS state on /% for
each =0, and we now denote these by w; and wl‘;, respectively. The first
fact we deduce is a direct consequence of Theorem 1.1.



792 Carey and Hume

Theorem 1.2. Provided 1#0 or y?# 1, return to equilibrium will
occur under the unperturbed dynamics on the two-sided model; that is, for
all 4 in .&/5:

lim wg(t(4))=w4A)

This is proved in the same way as the corresponding result in ref. 10,
which is the result for the case A=0. If we consider evolution under the
perturbed dynamics, we may again use identical proofs to those in ref. 10
to obtain the following.

Theorem 1.3. Return to equilibrium will occur under the per-
turbed dynamics, ie., for all 4 in &5,

lim wy(t](4))=wj(4)
t— +oo
if and only if the spectrum of K+ V is purely absolutely continuous.
Otherwise we have

lim % L’ (P (B(h)* B(H'))
= w®(B(h)* B +Z(wﬁ w%)(B(P,h)* B(P,1'))

where the summation is over the finite number of distinct eigenspaces of
K+ V with eigenprojections P;.

Of course the same is true for the one-sided model which is obtained
by replacing K by K_, where K, has the same form as K with the
one-sided shift on /3(Z) replacing the two-sided shift everywhere it occurs
in (1.11). This leads to our main result.

Theorem 1.4. There exists a finite-rank perturbation P of the
XY-Hamiltonian with field for which return to equilibrium occurs under
the perturbed dynamics when || 21/2 or y=0 but fails when || <1/2"
and y #0.

Proof. Using Propositions 5.2 and 4.1, we see that e =0 is an eigen-
value of K+ V for the local self-adjoint perturbation V=V, of Eq. (5.7)
when A< 1/2 and y#0. When 1> 1/2 or y =0 the spectrum of X, + V, is
purely absolutely continuous. This is because the spectrum of K + VD is the
same as that of K, with the same values of 1 and y. Observe that when P
is given by (1.12) one has [P, B(h)]= B(Vph) for hel,® [,(Z). The result
then follows from Theorem 1.3. |
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Remark. In other words, return to equilibrium fails to occur under
the perturbed dynamics precisely when there is more than one ground
state.

After preliminary facts are established in Section 2, Theorem 1.1 is
proved in Sections 3—5 (discrete spectrum) and Section 6 (absence of
singular continuous spectrum). As explained above, Theorems 1.2-1.4 then
follow as corollaries.

2. PRELIMINARIES

We begin with the spectral analysis of K. Introduce the Fourier
transform: f(f) = Zjeze””f for f=(f;)€l,(Z). Then K acts on the Fourier-
transformed space by (Kh)(6) = K(8) h(8), where

(2.1)

k(e):(2/1+cos9 —iysin 6 )

iysinff  —21-—cos#
From this it is clear that if A#0 or y#1 the spectrum of K is absolutely
continuous and is the union of two closed intervals, one in R* U {0} and
one in R~ U {0}, forming a symmetric subset of R. When A=0 and y*>=1

the spectrum of K is the set { —1, 1} and is thus pure point spectrum.
These intervals depend on the parameters 4, 7. Let

f(IL—=21A, L+2]4]])
if y2=1
(IT=2 1211, 11+ 2 ]4[])

if y2#1and|24/(y2—1)|>1
I, y) = if y*#1land|24/(y*—1) (22)
(o, [1=2 A1) w (11 =2 [A][, 1 +2[A]])
if y2<land|24/(y>=1) <1
(I1T=2 1A 1T+ 2 AV (11 + 241, o)
\ il 9?>tand |2}/(y°—1)| <1
and
{{ze@z =(1-22)% (1 +24) o} when 72#1 (23)
{zeC:z? —(1—2/1)2,(1+2/1)} when y2=1 '

where ¢ denotes the positive square root of [(44%+y%—1)/(y%>—1)]%2
With this notation the spectrum of X is given by the closure of —I(4, y)u
I(2,y), unless A=0 and y” =1, when it is given by the set E={—1,1}. In
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all cases some but not necessarily all points of E are included and possibly
0 as well. The points of E are never included in the intervals comprising
~1( 7))V I(2, y).

Much of the subsequent analysis of the spectrum of the perturbed
Hamiltonian will depend on the properties of polynomial equations arising
from det(K(z)—el)=0; ie., the determinant of the matrix in (2.1) after
substituting z=¢”. When y2# 1 one has

y? -1
det(K(z)—el)=—— 0(z)
4z
where
84 4e% — 1642 —2(1 2 84
Oz) =2 — o2 P+ 2lAy) . B, (2.4)
y —1 y -1 pe—1

and when y*=1 and 4+ 0 one has det(K(z) —el)=(—-24/z) Q(z), where

1+41%2—¢2
— "

2.5
7 +1 (2.5)

0(z)=z*

It is worth isolating here a number of features of these polynomials for
later reference. The roots of the quadratic are given by r, , = [/+1"?]/44,
where [=e?>—1—44% and 1=1—82+ 161% —2e* — 84%* +¢*. The roots
of the quartic are given by

rro=[24+m"2 £ (427 + 42m"2 + ) 21/(y> — 1) (2.6)
Faa=[24—m"? £ (422 —4im"? 4 n) 2 1/(y* = 1) (2.7)

where m =492+ +e2—92 —y%? and n=4y22>+9?+e>—1—y%% In

all cases the roots satisfy the relations r,r, =1 =r;r,. They are furthermore
distinct unless ee E, whereupon repeated roots occur. No root has
magnitude one unless e lies in the closure of —I(4,y)uI(4, ), the
spectrum of K, whereupon at least one has such magnitude. No root is
ever zero.

We now study operators of the form K+ V on ,(Z)® [,{Z), where V'
is a self-adjoint local operator. Such operators may have highly nontrivial
point spectrum. To analyze this we consider the equation

0
(K+V—el) (f)=< >
g 0
which is equivalent to

det(K(G)—el)<f>=<e+2i+cosg —iysin 8 >V<£> (28)

g iysin 0 e—21—cos b
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Now let [N, M] be an interval containing supp V. Then we have

0
V({;) (n)=<0> if ne¢ [N, M] (2.9)

and hence f n¢ [N—-1, M +1]

e+2+(U+U*2  (U—-U*)2 FAVNC.
< —pWU-U*2  e—-2A—(U+ U*)/2> V<g> (n)—(()) (2.10)

The implications of these relations can be understood most simply by
separating out the case y> = 1. The general case has the same broad proper-
ties as this special case but is considerably more complex. Our strategy of
exposition is then to describe the special case in detail and to indicate the
changes necessary when this constraint is dropped.

Thus we have for y2=1 from (2.10) that the coefficients f,, g, satisfy
the difference equation, when n¢ [N—1, M + 1], given by

—2p(n+ 1)+ (2 — 1 —422) p(n)—2ip(n—1)=0

These equations may be solved in terms of arbitrary initial conditions to
give for m>=1

fIM+m)=a,r"+ass™, gM+my=>b,r"+ bys™ 211
and

S(N—m)=air"+ays™, gN—m)=>b1r"+ b3s™ (2.12)

where r, s are the distinct roots of

1+422—-¢?

1:
7 )Z-i— 0

0=+

In the case where this polynomial has a repeated root z=rv, ie., when
e?>=(142|4)? or e*=(1—24})? then the solutions are

fIM +m)=(a, +ma,) r", gM+m)=(b, +mb3)r™ (2.13)
and

f(N—m)=(a} + may) r™, g(IN—m)= (b, +mb3)r™ (2.14)
The constants a;, a;, b;, b; for j=1, 2 remain to be determined. The
condition that the eigenfunction be in the space /,(Z)® [,(Z) naturally

constrains these constants and the constraint depends on the values of the
roots. We list them in each case:
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(a) r#s, |rl=1. It follows that |s|=1/|r|=1. Then all constants
must be zero to get a normalizable eigenfunction so the eigenfunction has
support in [N—1,M+1]. Note that in this case the equation
det(K(0)—e1)=0 has a solution for 8 real, and so e lies in the spectrum
of K.

(b) r+#s, [r] #1. It follows that neither root has magnitude one and
from (1.20) that precisely one has magnitude less than one. Let r denote the
smaller root. Then normalizability forces the constants a;, bs, aj, b3 to be
zero. Observe further that in this case det(K(6)—el) has no zeros for 0
real; otherwise the polynomial Q(z) would have a root z =e” of modulus
one, contrary to our assumption. So e cannot lic in the spectrum of K.

(c) r=s. It follows that r =s= +1. In this case all constants have to
be zero to get a normalizable solution and so the support of the eigenfunc-
tion lies in [N—1, M+ 1] and, as in case la, the eigenvalue e must lie in
the spectrum of K.

3. THE POINT SPECTRUM—DISSECTION AND THE CASE
2
ye=1

The spectral problem of Section 2 may be analyzed further into a
problem for a one-sided chain. To see why this is the case, we introduce the
projections P,, P, and Py onto elements of /, @ /,(Z) with support in the
intervals (—oco, N—17], [N, M], and [M+ 1, o0) respectively. Then the
eigenvalue equation

(K + V—e1)<f>=0 (3.1)
g

is equivalent to three other equations. Let

A R 4

The first of these equations is

k-en)p. (1) m=(" ) (32)

where the vector on the right-hand side has its support limited to
{N—1, N} with

(v )= Cam) o) Ginon)
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The second equation is
k=enypu(? o =(7, ) o (33)
g g

where the vector on the right hand side has its support limited to
{M, M + 1}, with

f"(M>>= <f(M+1)> Ay f(M)>
<g"(M) Te\gara 1)) <g“(M+ 1)> - (g(M)
The third equation is

k+v—eype(!)m=(7 ) m (34)

where the vector on the right-hand side has its support limited to {N — 1,
N, M, M +1} with

A R W A Ve B v

(on)= " Caaren) (o)== (o)

Equations (3.2) and (3.3) may be reformulated as “generalized” eigen-
value problems on the half lattice. To see this, notice that (3.3) implies

Pu(KUny)—el) Py Pr <{; )

(e (OQ) e

where [, ®1,(Z ) is imbedded in the double-sided sequences by identifying
Z, with [M+1, w); Z_, denotes the nonnegative integers. The operator
PrKP restricts to this space and thus can be regarded as acting on the
one-sided sequences. In fact PrK(A, y) Pr=K_ (4,7), where K, is the
same as K except that we replace U everywhere it appears by the one-sided
left shift operator U, on [,(Z , ). Thatis, (U+ f),=f,,, for n>>0 and the
adjoint U* satisfies (U* [)o=0 and (U*)f,=f,_ for n>0, where f=
(f,)el(Z ). A similar set of comments applies to (3.2). If we define S as
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the reflection map n+— —n and identify Z, with [1—N, o0), then we
obtain

(K. (A —y)—el) SP, ({;) =SP,(K(4,7)—el ,)P,S-SP, (g)

“(=7+ G (o) (o))

Both Egs. (3.2) and (3.3) thus lead us to solve a problem of the form

. 00 -
(K+(A,y)~e1)<£>=<; 0 0 ) (3.6)

Knowledge of the solutions of this problem is employed in Section 5 to
detail the point spectrum of the perturbed two-sided operator K+ I and
later still the one-sided operator as well. Specifically we aim to show the
point spectrum is finite. We begin by analyzing Eq. (3.6) and its solutions.
The results of this are summarized in a proposition at the end of this
section.

Now Eq. (3.6) implies, when y° = 1, that

@“K+—eﬂ<£>+<%%L?U”D 2NLBU*U5(£>

:<—2ft—e—(U++Ui)/2 —?(U+—U:‘i)/2>
WU, —U%)2 2h—e+ (U, +U%)2
x 0
(oo ) a)
where
det(K, —el)= —2iU, + (e?— 44> — 1)1 —24U*
+31-U%U,) (3.8)

When 72 # 1 the same equation results, with

2

det(K, —el)= <¥> U2 —24U, +<

262—812—(14-)’2))1
2

-1 241
— 22U +(y—4—> U*? + (14—) (1—U*U,) (39)
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Observe in (3.7) that the vector on the right is supported on [0, 1] at most.
Hence, except possibly when ne {0, 1},

det(K, —el) f(n)=0,  det(K, —el) g(n)=0 (3.10)

As can be seen from Eqs. (3.7)-(3.9), each of the f, g satisfies a
difference equation when y?# 1 or A50. This implies each has the form

o(ri)—1

pm)=3 Z ayn'ry

ri 0

where the r; denote the distinct roots of Q(z) given by (1.19) or (1.20), with
the choice depending on the values of the parameters A and y, and o(r;) is
the multiplicity of the root. The coefficients a;, remain to be determined.
Since f, g are square-suminable, we obtain some additional restrictions. It
will aid the clarity of further exposition to separate out the case =1 and
1 #0 from the case y?# 1. The latter case has the same broad properties as
the former, but involves considerably more tedious calculation. We also
deal separately with the case of A=0 and y>=1, as it is anomalous.

Thus, when y>=1 and A#0 we have from (3.7)-(3.10) a difference
equation for each set {f(n)}, {g(n)} of the coefficients of the solution for
n>1:

—2ip(n+ 1)+ (2 —1—42%) p(n)—2ip(n—1)=0 (3.11)

These equations may be solved in terms of arbitrary initial conditions to
give for m>1

fm)=a,r" +a,s™, gm)y=b,r"+ b,s" (3.12)

where r, s are the distinct roots of

1+43%2—¢
Q(Z)=ZZ+<%>Z+1

In the case where this polynomial has a repeated root z=r, i.., when e*=
(1+2]4])* or e*=(1—24|)?% then the solutions are

f(m)=(a, +ma,) r", g(m)= (b, +mb,) r” (3.13)

These roots have magnitude one only when e lies in the spectrum of X,
which in this case is Eu —I(4, y)u I(4, y).

The condition that the solutions be in the space /,(Z . ) leads to the
following constraints, whose nature depends on the values of the roots:

822/68/5-6-9
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(a) ee —I(A,y)Ul(4,y). Then r#s, but |rs| =1, and one root has
modulus one, hence || =|s| = 1. Then all constants must be zero to get a
normalizable eigenfunction, so the eigenfunction has support only at 0.

(b) e¢Evu —I(4,y)ul(4,p). Then r#s, jr|#£1, |s|#1, |rs|=1. It
follows that precisely one root, say r, has modulus <1. Then nor-
malizability forces a, =b,=0.

(c) eckE. It follows that »=s= +1. In this case, then, all constants
have to be zero to get a normalizable solution and so the support of the
eigenfunction is only at 0.

Now we conclude that the solution (é) to (3.6) satisfies:

(2') If ee Eu —I(4,y) U (4, y), the spectrum of K, ({)(n)=(g) for
neZ \{0}.

(b)) Ife¢ Eu —I(2,y)ul(4,7), then, for some a,, b, €C,

(o) o ez

where r is the unique root of modulus <1 of the polynomial Q(z).

Only case (b’) needs detailed consideration. First some straight-
forward algebra yields

ap\ y(r+21+¢)
<b1>”c<—(r+2z—e)> (3.14)
with
x—7y 2A—e)y+(2A+e)yx
= = 3.15
k=T T hi iAo (3.15)

Hence we conclude that unless both e=0 and r= —24, (3.6) has the

unique solution
<f> (n)=<a1> r" for n>0
g by

and (3.16)
(o-Go)ra ()

a; _y(2/1—e)+yx(2/1+e)<y(r+2/1+e)
<b1>_ 45(22r + 44% — €?) —(r+2/{—e)>

with

(3.17)
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where r is the unique root of magnitude strictly less than one of the quad-
ratic equation Q(z) = 0. This solution of (3.6) does indeed lie in [, @ {,(Z ., ).

Now returning to our original Eq. (3.6) and substituting as before
except with e =0 and r = —24, we again find three matrix equations, which
lead immediately to the results

G)=oG) CGao)=Go)+(0)

2ky = x, 20k = —y

and

where ¢, k € C are some constants. So there is no solution unless x + yy =0.
If now this extra conditon holds, we find that the solution to (3.6) is given
by

(i:) WZC(D(_M)" for n>0 (3.18)

and

()= ()rzl5) 19

It is then easily verified that for any c e C this expression is an element of
LO®LZ,)

The case e =0 deserves special attention. When e =0 we find that the
quadratic Q(z) has two roots —24, —1/24, distinct when e ¢ E. Note that
r is the unique root of modulus < 1. If 0 < |A| < 1/2, then r= —24, while if
|4} >1/2, then r= —1/24# —2A. If |A|=1/2, then r=5= +1 and thus
ec E, which is ruled out for the purposes of case (b’). Hence we may
conclude that when 92 =1, A #0, e¢ Eu —I(4,y)UI(4,y), and e =0:

(i) If|4]>1/2, a unique solution to (3.6) in I, @ /,(Z , ) exists for all
x, ye C. It is given by (3.16)—(3.17).
(ii} IfO0< A <1/2 and x +yy #0, then no solution to (3.6) exists.

(1i) If O0<|4] <1/2 and x+yy =0, then multiple solutions to (3.6)
exist in /, @ /,(Z ., ). They are all given by expressions of the form
(3.18)—(3.19) with ¢ ranging over C.

(iv) If 0<|A]<1/2, then K_ has a one-dimensional eigenspace at
e =0. The eigenvectors are easily constructed from (3.18)-(3.19).
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The analysis is much simpler when e lies in the spectrum of K:

(i") No solution unless (244 ¢)x+ (24 —¢)yy=0.
(ii") If (2A+e)x+(24—e)yy=0, then a unique solution to (3.6)
exists and is given by

f(n)> <0> : (f(0)> x—yy (1>

= ifn>0 and =—"" 3.20
(eim) (o 20) @ (320)
Note that while e =0 is allowed in this case it occurs only when |A] = 1/2.

Hence, if y=1, A#0, ee Eu —I(4, y)UI(4,7), and e=0, then we may
extend the conclusions above to:
(v) If |A]=1/2, no solution to (3.6) exists unless (2A+e)x+
(2A—e)y=0.
(vi) If |A] =1/2 and (24 +€)x+ (24 —¢) y =0, then a unique solution
to (3.6) exists and is given by (3.20).

We still have to deal with Eq. (3.6) in the anomalous case where y* =1
and 1=0. Straightforward algebra yields in this case that if e¢ {0, —1, 1},
then a unique solution ({;) exists for all x, ye C and is given by

(o) =77 (o) (e (o)} (o)) 020

X+7y—2e’x y +yx —2e*
W) == k() =T

where

(3.22)
h(1)=yy—x, k(1)=y—yx

If e =0, then no solution exists to (3.6) unless x + yy =0 when all solutions

(1) satisfy
(i’) - <<VCC>’ (\y);) (g) <8>> (3.23)

where ¢ € C. Obviously then e=0 is an eigenvalue of K, in this case. No
solution exists to (3.6) for e= +1 unless x —yy =0 when all solutions ({;)

are given by
(f)_l(( —2x/e + ¢, ) <ec0+cl >
g} 2\\—y(2x/e+co))" \pleco—c,)”

ec,+ ¢
KRR O 324
RO @24
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where (c,)€,(Z ,). Hence 1, — 1 are eigenvalues e for K, when y?=1 and
A=0.

We now summarize the essential results in the following proposition.
Observe that o(K)=Ev —I(4, y)u I(4, y) is the spectrum of the two-sided
operator.

Proposition 3.1. When 9?=1, Eq. (3.6) has the following
properties:

(i) eis an eigenvalue iff e=0 and |A|<1/2 or A=0and e= +1.

(i) For e¢ (K) and not an eigenvalue of K a solution always exists
and is unique.

(iii) For eeo(K) or an eigenvalue of K., a solution (fg") exists to
(3.6) provided x, y satisfy a linear relation. The coefficients of x,
y in this relation are functions of 1, y, e. The solution is then
unique unless e is an eigenvalue.

(iv) When e is not an eigenvalue and a solution exists, then the
solution (/) satisfies

<f> (n)=T(n, e, A, 7) (x)
g y

where T is a rational function of e, r, 4, 7.

(v) The possible eigenspaces at 0, +1 are one- and infinite-dimen-
sional, respectively.

4. SPECTRAL ANALYSIS FOR y?#1

In moving from the Ising model with field (y?*=1) to the XY-model
with field, the complexity of the calculations increases significantly, though
the analysis is essentially of the same kind as before. Several new “special”
cases will arise, which somewhat obscures the argument. As no further
insight is gained from their inclusion, we will omit most of the details and
concentrate on the differences from the special case where y?= 1.

From (3.10) we have that when n¢ {0, 1} the coefficients f(n) and
g(n) satisty the difference equation

4e* — 164 —2(1 +7?)
y>—1

p(n+2)— pln+1)+ p(n)

p>—1

oy P D)+ p(n—2)=0
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and thus for # >0 one finds that f(n) and g(n) are given by

o{ri)—1 o(ri)—1

fn)=Y > a;n'r, gm)y=Y Y bn'r (4.1)
i (4] ri 0

4

where r; denotes the distinct roots of the quartic Q(z) =0 of (1.19), o(r,)
the multiplicity of the root, and a,;, b; some constants from C. The condi-
tion that f, gel,(Z) constrains the coefficients in the expressions (4.1) so
that if |r,| > 1, then a,;=0="5,.

We use the notation r, 1/r, 5, 1/s to denote the four roots of the quartic
with the convention that r and s have the smaller modulus. Note that this
notation does not preclude the roots having multiplicity greater than one.
With the analysis of the roots of the quartic given in Section 1 in mind, it
follows that solutions (é) must take one of the following forms for #» > 0:

(A) (g)(n) =(3) r"+(32) s" if there are two distinct roots of modulus
<1.

(B) ({;)(n)=(g;)r” if there is one root of modulus <1 and one of
modulus 1.

(C) (£)(n)=(g) when all roots have modulus 1.

(D) (g)(n)= (5) 1"+ (32) nr™ if there is a repeated root of modulus
<1

The form of possible solutions changes as e varies over C. We detail this:

0(i): e*e{(1+24)% (1—24)*} and a repeated root, either +1,
occurs. Forms C or B apply, respectively, when the remaining
roots of the quartic have modulus one or not. The circumstan-
ces determining which occurs are explained below.

0(ii): e*=[(44*+79>—1)y*]/(y*—1) and all roots are repeated.
Forms C or D apply, respectively, when any root has modulus
one or none has. This ambivalence is also explained below.

1: e¢Evo(Ky=FEvu —I(4,y)ul(4,y) and the four roots are
distinct and none has modulus one, so that two have modulus
less than one. Form A applies in this case.

2: eea(KNEV(—|L+2]A]l, —11=2[A) v (11 =2|Al], |11+ 2]4l1)
and there are four distinct roots and all have modulus one.
Form C applies.

3 ee(—|1+2A], —11=2]A)wu((1=214],]1+2[4]]) and
the four roots are distinct, two have modulus one, and precisely
one has modulus less than one. Form B applies.



Multiple Phases and Return to Equilibrium 805

The cases 0(i) and 0(ii) are not necessarily distinct. If the parameters are
such that |24/(y*—1)| =1, then

2 m2
ezzﬁ%)T—l—yze ((1424) (1—24)%)
Otherwise the cases are exclusive, as the points of E are never included in
the intervals making up +1(4, y). If case 0(ii) occurs and |24/(y>—1)| > 1,
then no root has magnitude one, so that there is a single root, of multi-
plicity two, having magnitude less than one and hence solutions must have
form D. If case 0(ii) occurs and |24/(y>—1)| <1, then all roots have
magnitude one and hence any solution must have the form C. The case 0(i)
is somewhat complicated and we examine the details. In the following
circumstances all roots of Q(z) have modulus one and thus solutions to
(3.6) must have the form C:

(a) 124/(p*—1)|<1and y>>1 and e*= (1 +2 |A])%
(b) 124/(y*—1)] <1 and y*<1 and €= (1 —2 |4])%

These conditions amount to e being an interior point of +1(4, 7). When
A=0 or e is in case 0(ii) also—this occurs when |24/(y*> — 1)| = 1—then all
roots again have modulus one and solutions to (3.6) must have the form C.
Otherwise exactly one root, not repeated, has modulus less than one and
solutions of (3.6) have the form B.

We now move on to calculate the solutions to (3.6). We state the
result as follows.

Proposition 4.1.

{a) The generalized eigenvalue problem (3.6) has a one-dimensional
affine space of solutions iff e=0, y#0, and 44> <1 for all x, y
satisfying x + yy =0.

(b) I 44°>1 or y=0, there is at most a unique solution ({;) to (3.6)
when e=0. When 0¢0(K) a solution will always exist. When
e=0e0g(K) a solution will exist iff x, y satisfy a linear relation
determined by 4, y.

(¢} Ife#0 and e¢ o(K), there is a unique solution (é) to (3.6) for all
x, yeC.

(d) When e#0 and ec ¢(K) and Q(z) has no roots of modulus one
there is no solution unless x =y =0, when we have only the zero
solution for (£).

(e) When e¢#0 and eeo(K) and Q(z) has a root of modulus less
than one there is a solution to (3.6) provided x, y satisfy certain
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linear relations. Then there is a unique nonzero solution. The
coefficients in these relations are given by polynomial functions
of 4, y, e, and the roots r; of Q(z) of modulus less than one.

(f) If a solution (g) exists and is unique, then it satisfies matrix
equations of the form

(i:) (n)=1T(n, e, 4,7,r,) <;>

for each ne Z, with r, denoting the roots of the polynomial Q(z).
The 2 x2 matrix 7 has entries which are rational functions of
ea j'; V: ri'

(g) The one-sided operator K, has an eigenvalue iff y#0 and
4}% < 1. This occurs at 0.

Remark. Notice that the first part of the proposition says that e is an
eigenvalue of the one-sided operator K, only in the region of y, 4 space
where there are two ground states.

We sketch the proof as e varies over the regions of C described above.
Some special subcases will arise with particular values of the parameters 4,
y which will complicate the exposition.

Case 1. If a solution exists, it has form A, where, as in Section 3,
we may restrict the values of the constants (the a’s and b’s) by expressing
them in terms of x, y, y, 4, ¢, and the roots r, s. We introduce the notation

+ r2 1 + Sz 1
=y QAte)r+=, St==—+Q2izxe)s+=
2 2 2 2
4.2)
R,=y(r*=1)/2, S, =7(s*—1)/2

Substituting the form A into (3.6), we obtain for n =0 the equation

R; =12 S;—1)2

r s <al)
Ry+y/2  S,+y/2 a;
r s

Ry+7y/2  S,+9/2

r N b, [ X
Y rr—12 sr-12 (bz)—<—y> *3)

r §
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while for n>0 as r, s 20 and r # s we obtain

R, R,\/q4 0> (Sl S, ><a2)
= = 4.4
(% =)o) =(0)=(5, s “4)
Subcase 71.7. y=0. A brief calculation reveals that the solution (g)
to (3.6) must satisfy

(o Fer o v s

where
Q(z)=[2°24+ 2A+e)z+12][2*2+ (2A—e)z+ 1/2]

and t* is the root of the first (resp. second) factor of Q(z) with modulus
less than one. The vector given by (4.5) is now easily shown to be the
unique solution to (3.6). Note that we cannot have e =0 in case 1, for, with
y=0, 0 € E, which is covered by case 0.

Subcase 1.2. y#0, +1. We use (4.4) to eliminate a,, a, from (4.3)

to get
<?+R2/Rf Y+ 82/ST )<b1/2r>_<X> (4.6)
14+9yRy/RT  14+9S,/S[ /\by/2s y '
The determinant of this matrix is zero if and only if R,S; — R S,=0=
SR, —R}S,, which is equivalent to e=0 and 24(1 +rs)+r+5=0, as

y#0 and r, s are the two (distinct) roots of modulus less than one. Now
we are assuming that e ¢ o(K), and hence

(A2 +y*=1)*
y?~1
Further notice that 0¢ —I(4,y)UI(4, 7). Consequently, 0 is within the
region covered by case 1 if and only if 1 +24%#0 and 44>+ 92— 10, ie.,
if and only if 0 ¢ E. Further, with e =0, the roots of the quartic Q(z) are

=24+ (442 +y2—1)172 =20+ (422 + 9y 1)1
L+y » eT

e*#(14+22)* nor (4.7)

Fi,2=

4.8
= (48)
Note that this labeling above does not agree with that given in Section 1.
They are all distinct when 14+245#0 and 44> +9?—1#0 and y*>#0, 1.
Furthermore, with these conditions applied to 4, y and with r,, r; denoting
two of the roots from (4.8), the equation

2001 +rr)+r,+r,=0



808 Carey and Hume

holds if and only if {r,, 7} ={r,,r,} or {rs, rs}. It also follows that the

determinant of (4.6) in this subcase is zero iff e=0and |r |, |r;] <l ore=90

and |r;], |rs] <1. It remains to be calculated which of the roots in (4.8)

have magnitude less than one, that is, whether {r, s} = {r,, r,} or {r;, rs}.
With e=0 and 4.>< 1 —9? then

ot

lrsl |ral

y—1
y+1

|r1|:|"2|=‘

the latter as y #0. It is then immediate that {r,s} = {r,, r,} or {rs, rs}—
according as vy is greater or less than zero—and hence the determinant is
zero. Further, with e=0, it cannot be that 442 =1—+v? lest e then also lie
in the disjoint region covered by case 0(ii). On the other hand, when e =0
and 44?>1—y” the constraint {r, s} = {r,, r,} or {rs, r,} is equivalent to
(r}—r3)(ri—r3) >0, which simplifies to 1> 41%

We may summarize the discussion of this subcase by asserting that the
matrix in (4.6) has zero determinant if and only if e=0 and 44*<1.
Further, in this subcase, it cannot be that e=0 and 44%=1 or e=0 and
442=1—17 On the other hand, if e=0 and 1<44? the determinant is
nonzero.

Now (when e =0) the quartic Q(z) factorizes as

= [(L+y)22+4z+ (1 —p) LA —y) 22+ 4Az + (1 +7)]
which implies R,” = R; = +R, and similarly for the S. The roots are so
labeled in (4.8) that r,, r, are roots of the first factor and r,, r, of the
second. Let 44? < 1. Since

ry

ral [1—7
rs "4_ L+y

we have {r, s} ={r,, r,} or {rs, r,}, depending on whether y >0 or y <0.
It follows that

R} =R =—R, and Sf=87=-S, when y>0
RY=R =R, and Sf=S7=S, when y<0

Similarly, with e=0 and 42>>1 we have {r,s}={r,,r;} or {r,,r,} and
hence

Rf=R{=—-R, and S/=S7=S,
R}I=R[ =R, and Si=8,=-5,
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according as r denotes the root of the first factor and s the root of the
second factor or conversely. Using these obsrvations, one easily arrives at
the following conclusions.

Subcase 1.2.1. e=0, 422< 1, y>0. There is no solution to (3.6)
unless x + y =0, whereupon it is given by

<f>(n):z—x(l>r”+1+c.(r"+l—s"+1)<1> for n=0 (4.9)
g y—11\1 1

where r, s are the distinct roots of the factor of the quartic given by
(14+7y)z?+4iz+(1—7y) and c is an arbitrary constant.

Subcase 1.2.2. e=0, 44> <1, y<0. There is no solution to (3.6)
unless x —y =0, whereupon it is given by

(g)(H)Z%(_i>rn+1+cl(rn+1_sn+l)<_i> for n=0
(4.10)

where r, s are the distinct roots of the factor (1—y)z>+4lz+(1+7y) of
QO(z) and ¢ is an arbitrary constant.

Subcase 1.2.3. e=0, |A| > 1/2. The solution to (3.6) is unique and
is given by

— 1 —1
<£>(n)=%(l)r’l“+);:;( 1>r"_+1 for n=0 (4.11)

where 7 is the (unique) root of modulus less than one of the factor of the
quartic given by (1+7)z>+4Az+ (1 —y) and r_ is the (unique) root of
modulus less than one of the factor (1 —v)z% +44iz+ (1 +7) of Q(z).

Subcase 1.2.4. e+#0. The matrix in Eg. (4.6) cannot have zero
determinant if e #0. Hence it may be inverted and the solution (g) to (3.6)
is seen to be unique and given by

<f> (}2)__—2r"+1(—Rerfr —Rsz><y —1)<x>
g G R,ST S>R, L —y/\y
n+1 +p+ + _
+ 2s < SR, SR, ><y 1)()() for n>0
G —S,RY —R,S,\1 —y/\y
12)

where G=(1—7y%)(R; S,— S} R,), the entries R,, S,, R, S{ are as in
(4.2), and r, s are the two (distinct) roots of the quartic (1.19) whose
magnitudes are both less than one.
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Case O(ii). This is the only other case in which the analysis is not
straightforward. As before, we devide the discussion into various subcases.

Subcase 0(ii).7. |24/(y*—1)| < 1. Here (3.6) has only the trivial
solution. Note that if e? = [(44%+y*—1)/(y>—1)]y>*=0 and y #0, it can-
not be that |A| <1/2 for 44*=1—y* and hence [24/(y*>—1)| <1 implies
[A| = 1/2. In fact, it must be that |A| = 1/2, since also 44>=1—72e [0, 1].
However, e=0, y=0, and |4] < 1/2 is possible in this subcase.

Subcase 0(ii).2. |24/(y*—1)|>1. Form D applies and further
subcases are required.

Subcase 0(ii).2.1. y=0. In this subcase e=0 and || > 1/2. Denote
the root of modulus <1 by r. Then the solution, by the methods of case 1,

18
<f) (n)=<—2x> P for n20 (4.13)
g 2y

Subcase 0(ii).2.2. y+#0. Again we must consider subcases.

Subcase 0(ii).2.2.7. e+#0. The solution (é) to (3.6) is unique and
given by, for n >0,

(o-aalls ()
)

Subcase 0(ii).2.2.2. ¢=0. Observe from the conditions of this
subcase—y2#0,1 and 0=e’=[(422+y>—1)/(y*—1)] y>—that 4i’=
1 —v? and thus from the condition |24/(y>*—1)| >1 we have 0< |2 < 1.
Conversely, if e*=[(44*4+9>=1)/(?°—1)]9>=0 and y?>#0,1 and
[24] <1, we have [24/(y*—1)|>1 and 1#0 for |24| >4A>=1—92>0. It
follows that when y >0 a solution of (3.6) exists only if x+y=0 and is
then given for any de C by

<£>(n)z(%>n<jﬁ;+d(d’zn+:;)) for n=0  (4.16)

When y <0, a solution of (3.6) exists only if x —y =0 and is then given for
any de C by

(=) (an) om0 @
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We conclude then that when e=0 in this subcase we must have
[A] < 1/2 and the generalized eigenvalue problem has a solution only if the
initial conditions satisfy the constraint x + y =0, respectively, as 7 is greater
than or less than zero. When a solution exists there is in fact a one-
dimensional affine space of solutions.

Case 2. Here there is no solution unless x =y =0 and then it is the
trivial solution.

Case 3. If y#0, the only solution is

(oA ) o e

where r is the unique root of modulus less than one, while if 7y =0, then
no solution exists unless either x=0 or y=0. In either case the unique
solution is given by

() e oo

Case 0O(i). As in the preceding, there are a number of subcases to
consider. Observe that in this case if e =0, then it must be that |A| =1/2.
So we have:

(a) €=[@dA+y"=1)/(*—1)]y* [=(1+24)*] and the only
solution to (3.6) is the trivial one.

(b) A=0 or equivalently |1+ 24]=|1-24i| =1 and only the trivial
solution occurs.

(c) e#[(4A2+y*—1)/(y>*—1)]9* and A#0. The solution must
have the form C or B according as ¢ lies in the interior of +I(4, y) or its
boundary. If it has form C, then as above, no solution exists unless
x=y=0 and it is then the trivial one. When ¢ lies on the boundary and
y =0, no solution exists unless x =0 or y =0. When e lies on the boundary
and y#0, no solution exists unless (yR,+ R )x—(yR; +R,)y=0 or
equivalently (R,+yR;")x—(yR,+ R )y=0. If either of these sets of
conditions is satisfied, the unique solution to (3.6) is given by

(=5 ) o oo
g L—y*\—y 1/\y

This completes the proof of Proposition 4.1, although of course we
have proved much more here than is required for that result. J
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5. SYNTHESIS: EIGENVALUES OF THE TWO-SIDED PROBLEM

In Section 3 we commented that the solution of (3.6) could be used to
detail the point spectrum of K+ V. We begin by reviewing Section 3 in the
light of Proposition 4.1. Suppose ¢ is an eigenvalue of K+ V' —el with
w= (-gf,) a corresponding eigenvector. Then we have that P,w is a solution
inl,®L(Z,)of

h
(K. (h7)—el,) (k)=PR(K(A, ))—el) P,y (Z)

=<_p_ @%Do 0,...) (5.1)

This follows by identifying the space of square-summable sequences on Z
with those elements of I, ® [,(Z) supported on [M + 1, c0). With S denot-
ing the reflection operator (as in Section3), one finds K satisfies
SK(4,7)S = K(4, —7v), so that SP,w is a solution in [,®/,(Z ) of

(Kol —7)—el,) (Z>=SPL(K~e1> PLS(Z>

(or ()00

This follows from SP, = P;_y .1 )5 and identifying the space of square-
summable sequences on Z , with those elements of /, @ /,(Z) supported on
[—N+1, o). Finally, by identifying the range of P with @ C? in the
obvious way, we find that P.w is a solution in @ C” of

Po(K+V—el) P, <Z>

(oo (8 s (1) o

This requires an obvious identification of this finite-dimensional space with
a subspace of /,@®/,(Z). Most importantly, restricted to this subspace
P-(K+ V —el) P, is a matrix operator.

The results of the last section now imply a number of facts about the
solutions to these equations. For ¢#0, +1, the one-sided problem has at
most one solution for any given initial (). This is also true for 0, +1
provided they are not in the point spectrum of K(4, y). Any nonzero eigen-
vector w= ({;) of K+ V—el yields a nonzero vector P.w. Otherwise
f(M)=g(M)=f(N)=g(N)=0 and thus SP, w= P,w=0 are the unique
solutions of (5.2) and (5.1) with the right-hand side equal to the zero
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vector. It would then follow w is identically zero. In addition, we have
from Proposition 4.1 for e not an eigenvaiue of K, (4, +y) that

SIM+1)\ F(M)

(g(M+ 1)> - —T(O, e, )., Vs ri)r‘ <g(M)> (54)
SIN= 1>>= _ L <f(N)>

(g(N_ 1) T(O’ €, /1’ y’ rl)r+ g(N) (55}

where 7(0, e, 4, £, r;) is a 2x 2 matrix operator with its entries rational
functions of e, 4, v, r;. The r; are the roots of the polynomial Q(z) of
(2.5)-(2.6).

Finally, P-w is a nontrivial solution in ,, @ /,[N, M] of

[PoAK+V—el)Po—Dl(e, A, —y) Py—Dle, 4, ¥) Py </;> =0 (5.6)

where D(e, 4,9)=1I,T(0,e, 4,y) I'_, and P, P,, denote the projections
onto the two-dimensional subspaces consisting of sequences with support
in the N and M slots, respectively. Hence the (M — N+ 1)x (M —N+1)
matrix on the left-hand side of (5.6) has zero determinant.

We have a partial converse to this last result.

Lemma 5.1. Whenever the matrix in (5.6) is singular with
e¢ g(K, ), then e must be an eigenvalue of K+ V.

Proof. Let the matrix in (5.6) be singular. So there is a nontrivial
solution (ﬁ) of (5.6) which we identify with its image in /,® /,(Z). With
e¢o(K,.) we may solve the generalized one-sided problem for K, (4, y)
and obtain a unique solution when

<X>= B <fc(M))

Y “\gc(M)

Denote the image in [, ® ,[ M + 1, o) of this solution by (é’; ). Similarly we
solve the one-sided problem for K, (4, —y) and get a unique solution when

()= (ecim)

Label its image in [, @ /,(— o0, N—1] by ({;LL). It is easy to see that, with
the obvious abuse of notation,

)=(fre)

satisfies (K+ V' —el)(4) =0. Note that () is not the zero vector. |
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The preceding discussion deals with the relationship of the discrete
spectra for the one-sided and two-sided problems. There is a
straightforward way of relating perturbations of the one-sided problem to
perturbations of the two-sided problem which is useful for our main
theorem as well as the discussion below. We regard [,@/,(Z,) as a
subspace of [, ®/,(Z), and introduce the shifted reflection map R via

R(f(n)>=<f(—1—n)>

g(n) g(—1—n)

so that L, ®L(Z)=R(L,BL(Z )DL, ®I,(Z, ). Now define on /,®/,(Z)
the operator ¥, by

()=l G e )
p e L] VIR

Then for each perturbation ¥ of K, we introduce the perturbation ¥ of K:
V=RYVYR+V+V, (5.8)

where Y denotes the operator on I, ®/,(Z) defined by the matrix of

operators
1 0
0 —1
Proposition 5.2.

(a) 0. (K(4, 7))+ V) =0.(K(4, y)). Thus the spectrum of K+ V con-
sists of o(K) together with a discrete set of points in R which
may accumulate at the endpoints of ¢(K). These points must be
eigenvalues of finite multiplicity.

(b) K(A4y)+V=K,(47)+V+RY[K, (L y)+V]YR Thus the
spectrum of K+ ¥ is the same as that of K, + V and indeed the
same is true for each of the absolutely continuous, singular
continuous, pure point, essential, and discrete spectra.

(C) aess(K+ + V) = Uess(K) = U(K) = _I(j@ ’)))UI(Z, ?) = Ev
—I(A,y)UI(4 y) when y>#1 or A#0. In the case y>=1 and
A1=0 one finds 0. (K, +V)=0.(K+V)=0(K)=E=

{1, —1}.




Multiple Phases and Return to Equilibrium 815

(d) Unless y*=1 and A=0 one finds that o (K, + V)=
O Ky + V)

(¢) When y>=1 and A=0 one finds ¢ (K, + V) and ¢ .(K,) are
empty.

(f) When y?>=1 and 4 =0 one finds ¢,(K+ V) and ¢ (K) are empty.

Corollary 5.3. When y>#1 or A#0 the set g(K,) equals Eu
—1I(4,v)U I(4,y) and possibly the point 0. The latter point 0 is included if
it is already in E or it is an eigenvalue. Otherwise it is not in the spectrum.
It is an eigenvalue iff y#0 and |4] < 1/2. The former set is the continuous
spectrum of K .

Corollary 5.4. When y?’=1 and A=0 the spectrum of K, (4,7)
consists only of eigenvalues with the continuous spectrum being empty.
The numbers +1 are eigenvalues of infinite multiplicity, and 0 is also an
eigenvalue with the corresponding eigenspace being one dimensional. The
residual spectrum is also empty.

We omit the proof of this proposition and the corollaries, for in each
case the results follow from simple calculations or well-known facts.

Proposition 5.5. For a local perturbation ¥ of K, , when y?#1
or 1#0, one has '

Jac(K+ + V): Gac(K+ I7)=EU _[(17 'y)UI()“: y)
For a perturbation V' of K one has
0K+ V' )=E0U —I(4,7) VI(4,7)

Proof. From part 2 of Proposition 3.1 of ref. 10 there is an isometric
operator mapping /, ® /,(Z) onto the subspace of absolute continuity of the
operator K+ V. This operator €2, satisfies the intertwining properties
Q@ exp(iKt)=exp(i[K+V]t) 2, and @ K=exp(i[K+ V]t) 2. As the
spectrum of K is purely absolutely continuous for any e in the spectrum,
there is a sequence of vectors (f,,, g,) each of norm one which satisfy lim,,
| (K—el)(f,, g,)| =0. Then the modified sequence {2, (f,, g,)> has its
range in the subspace of absolute continuity of K+ ¥ and each new vector
has norm one also. Furthermore, for any e € ¢(K) one now finds

I(K+V)—el) 2, (f., gl =112 (K—el)(f,. gl
= (K —el)(f,, g)| —— 0

It follows from the Weyl criterion that e is in the spectrum of K+ V
restricted to its subspace of absolute continuity and hence to the absolutely

822/68/5-6-10
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continuous spectrum of K+ V. The result for the one-sided case follows
now from o,.(K, + V=0, (K+ 7). 1

Proposition 5.6. Except when A=0 and y*> =1 all eigenspaces of
K+ V are finite-dimensional. In the exceptional case the eigenspaces at
e = +1 are infinite-dimensional but all others have finite dimension. The
same statements are true for perturbations of the one-sided operator as
well.

Proof. As K has no eigenvalues, it follows that K— el is one to one
on the eigenspace of any eigenvalue e of K+ V or indeed any finite-dimen-
sional subspace of the latter. Further, ¥ has a finite-dimensional range.
Observe now if (K+ V—el)(f, g)=(0,0), then (K—el)(/, g)= —-V(/, g)
and hence the range of K—el is contained in the range of V. If the
eigenspace were infinite-dimensional, we could choose arbitrarily large
subspaces which are mapped one to one by K—el into this fixed finite-
dimensional subspace, a contradiction. |}

Proposition 5.7. The operator K+ V has only finitely many
eigenvalues.

The rest of this section is devoted to the proof. We note that this
might be -expected to follow from general theory as V is only finite rank;
however, we have been unable to find such an argument. Consequently we
are forced to use a “bare hands” approach. The special case where y*> =1
is separated from the other cases as it is somewhat simpier computationally
and illustrates some of the approach to the more difficult case when y%# 1.
The case where y*=1 and A =0 is a degenerate case and can be solved by
soft methods.

The Case y*=1 and A#0. We note that K_ has at most one eigen-
value, at 0, and only when |4| < 1/2. Suppose e #0 lies in the spectrum of
K, . Then as y>=1, we find D(e, 4, y) =0 and so if e is an eigenvalue of
K+ V, it is a zero of the polynomial, det(P-KP.+ ¥V —el)=0. There
are only finitely many such zeros and so there are only finitely many
eigenvalues in the spectrum of K+ V.

When e #0 lies in the complement of the spectrum of X, we find that

—r

=——— _r
bl t =g
g <4/1(r+2,1+e)+er —yer
—yer er—4i(r+2i—e))

z_’e_<_1 V) (5.9)
2M(r+24) y —1
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where r is the unique root of
2027+ (447 + 1—e*)z+24=0 (5.10)

with magnitude less than one. As e¢#0, it must be that r# —2A. The
determinant of the matrix in (5.6) then simplifies to

Wie, r, A, 7)

where W is a polynomial in each of its variables.

It follows from this discussion and the fact that e is an eigenvalue of
K+ V not equal to 0 and not in o(K, ) that there is a pair (e, z) with z
of modulus less than one which simultaneously satisfy (5.10) and
Wie, z, 4, y)=0. From the aigebraic geometry of plane curves there are
only finitely many solutions to such equations unless they share a common
factor in the ring of polynomials in two variables over C; see, for example,
ref. 9. Now observe that if (5.10) factors into a product of polynomials,
these polynomials must be either linear or constant in z with coefficients
which are polynomials in e independent of z. However, it is easy to see by
computing the degrees in e of these coefficients that (5.10) cannot be so
factored. Thus the polynomial in (5.10) is irreducible in the ring Cle, z]
and so must divide W. However, if the polynomial in (5.10) divides W,
then W will equal zero whenever we find a pair (e, r) satisfying the former
equation. As 4 #0, for any e ¢ o(K ) the polynomial equation in z in (5.10)
has exactly one root of magnitude less than one and one of magnitude
greater than one, neither equal to —2J. Consequently, for any e we can
obtain a pair (e, z) which solves both Eq. (5.10) and W{(e, z, 4, y)=0 and
‘where |z| < 1. Tt follows that there exists e of arbitrarily large modulus
which satisfies (5.6). Clearly then we may choose e ¢ o(K, ), so, as claimed
above, e must be an eigenvalue of K+ V. So it follows that we can find
eigenvalues of K+ V of arbitrarily large modulus, a contradiction. Hence
K+ V has at most finitely many eigenvalues in C\o(K, ). We demonstrated
earlier there were only a finite number in ¢(K, ). We make no claim as to
whether or not 0 is an eigenvalue.

The Case y*>=1 and A=0. The result in this case may be proven as
in ref. 10.

The Case y*#1. We partition the complex plane into four sets,
some of which may be empty; it will be convenient to define & as
[y%(44% 4+ y* —1)/(y*— 1)]Y2 These four sets are as follows:

(i) EE=Eu{0}={0, +1+24, +5}.
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(il) We let E, be the empty set when |24/(y> — 1)| = 1. Otherwise, for
124/(y*—1)| <1 and y*< 1, E, is the set (—|1+2A||, =6)u
(6, [1+2|y[]). For |24/(y*—1)|<1 and y*>1, E, instead
denotes the set (—45, —|1 =2 |y|])u (]1 =2 ]4}], 8).

() E;=(—=[1+2[4], =11 =22 u (1 =24, [1+2|]]).

(iv) We denote by E, the complement of ' UE,UE,.

When e € E, we see easily that there are only finitely many solutions. When

ee E| one finds
r{—1 —vy
Die, A, y)==
(e, 4,7) 2( ) 1)

and hence that the determinant of the matrix in (5.6) yields a polynomial
equation W(e, r, A, ) =0. Here r denotes the unique solution z of the quar-
tic equation Qf(e, z, 4, y) =0 of magnitude less than one. As before, we can
conclude from the theory of plain curves that unless these two polynomials
in e, z share a common factor, the equations have only finitely many com-
mon solutions. Now it is not hard to see that W is a quartic in z and degree
2(M—N+1) ine. The coefficient of z” is a polynomial of degree
2(M —N+1)—p or less in e. In fact, the coefficient of z* is a polynomial
in e of degree exactly 2(M — N —1), and that of z° is a polynomial in e of
degree exactly 2(M — N + 1). The second polynomial Q(z), a quartic in z,
is irreducible in the ring of polynomials in two variables C[e, z] unless
y2(442 492 —1)=0. If y =0, this quartic factors as [z>+ (44 +2e)z+1]
[x? + (44— 2e)z + 1], while it factors as

o553

when 412+ 9y —1=0. If Q(e, z) is irreducible and shares a common factor
with W(e, z), then it must be that W(e, z)=Qle, z) W,(e, 4, 7), where W,
is constant with respect to z and a polynomial in e, though not necessarily
a polynomial in 4, y. This means that the coefficient of both z* and z° in
W is the same, ie., W,. Yet we have already observed that the coefficients
of z* and z° in W are polynomials in e of differing degrees. So it cannot be
in this case that Q is a factor of Win Cle, z].

Now consider the possibility that A, y are such that Q(e, z) factors, and
that any of the factors listed above also divides W(e, z) in Cle, z]. The
complementary factor, a polynomial in e and z, is a quadratic in z, say
a(e)z” + b(e)z + c(e). Compare Wi(e, z) calculated as a determinant with a
product of this quadratic and any one of the quadratic factors of Q(e, z).




Multiple Phases and Return to Equilibrium 819

The coefficient of z° is c(e) and is a polynomial of degree 2(M — N+ 1),
which implies b(e¢}) and then a(e) are polynomials of degree
2(M—N+1)+1 and 2(M — N+ 1) + 2, respectively. Yet the coefficient of
z* is a(e) and must be a polynomial of degree 2(M — N —1). So it follows
in these circumstances that W and Q cannot share a common factor in
Cle, z].

Hence it follows that Q@ and W can never have a common factor in
Cle, z] and hence the equations Q(e, z)=0 and W(e, z)=0 have only
finitely many common solutions (e, z). So H(4, y}+ ¥ has at most finitely
many eigenvaues e€ E;.

Now we come to the case where ee E,. We find that for y=0,

%= 0
T(O,e,/l,O):( 0’ 2t+> (5.12)

where ¢* are the unique roots of modulus less than one of
Z2+2(2A+e)z+1=0, respectively. They are also distinct roots of
Qle, z, 4,0)=0. When y #0,

, 2/ (s—r)R}!S! sS}R,—rR!S, (y -1
T(0,e, A, 7)== 513
©. e 47) G<rRle+—sS2R1+ r—s)R,S, N1 —y (5-13)
_2_( (s—r)R,S, sRlSz—rRle_><y —1> (5.14)
" G'\rR;S,—sS;R, (r—s)R;S; J\1 — ‘

where G=(1—7*)(R}S,—S{R,), G'=(1—9*)(R,S7 —S,R]), and r, s
are the distinct roots of Q(z) of modulus less than one and the other
notation is as in Section 4.

When y=0 and eeE, the determinant of the matrix in (5.6) is
then seen to expand to a polynomial W(e, 1+, ¢, A) in all the variables. It
follows that there is a solution (e, t*, ¢~ ) of the system of polynomial
equations

Wie, t*,t7,4)=0, ()Y +2Q2A+e)tT +1=0

(5.15)
(t7)Y+22i—e)t~+1=0

Conversely, any triple with ee £, and |t '], |~| <1 will solve the determi-

nant equation when y=0. As ec E, implies e¢ o(K,), it follows from

Lemma 5.1 that the existence of such a triple (e, t*, ¢t ~) implies K+ V" has
an eigenvalue e.

When y#0 and e€ E, it can be calculated from (5.13)-(5.14) that the

determinant of the matrix in Eq. (5.6) expands as the rational expression

Wi(e, r, s, 4,7)/G* =0, where W’ is a polynomial in each of its variables. In



820 Carey and Hume

fact, when r, s denote the distinct roots of the quartic Q(e, z, 4, 7) =0, the
expression G is always nonzero. It now follows that if the determinant of
the matrix in Eq. (5.6) is zero, there is a triple (e, r, s) solving the system
of polynomial equations

Wie,r,s 4y)=0, Qle,r,4y)=0,  Qles 4y)=0 (516)

Conversely, any triple with ee E,, r #s, |r|, |s| <1, will solve the determi-
nant equation when y#0, 1 1. As before, the existence of such a triple
(e, r, s) implies K+ V has an eigenvalue e.

Now, with y # 0, let S denote the solution set to the system of polyno-
mial equations (5.16) in the variables e, r, s. Suppose e, € E, is an eigen-
value of K+ V. Then, as shown earlier, this implies there is a triple
(€q, Fos So) € S with o # s, and |r|, [se| < 1. We consider any such triple in
S. As E,=C\(E'UEyUE)=C\(s(K,)u {0}), S is an open set. It then
follows that any (e, r,, 5,) € S sufficiently near (eo, r,, 5o) also satisfies e, €
E,cC\o(K,), ri #s,, and |r], |s;| < 1. All of this will imply that e,, the
first coordinate, is an eigenvalue of K+ V.

Note that E, is a subset of the complement of ¢ (K)=0.(K+ V)
and hence any eigenvalue e, of K+ V is in the latter’s discrete spectrum
and hence must be an isolated point of the spectrum. It follows that any
triple (eq, ro» So) in S With e€ E,, ro#so, and [rol, |so| <1 is an isolated
point of S. Using ref. 11, Theorem I11.4.4 and Theorem IV.5.1, we see that
the set S of solutions is the union of a finite number of irreducible algebraic
varieties each of which is a connected subset of C* in the Euclidean topol-
ogy. Hence there can only be a finite number of such triples. Since each
eigenvalue e, in E, gives rise to a distinct triple of this description, it must
be that there is only a finite number of eigenvalues of K+ V in E,, when
y # 0. Clearly a virtually identical proof will establish this result when y =0.

With this we have successively established that K+ has a finite
number of eigenvalues in each of Ey, E,, E,. As E’ is a finite set and these
four sets partition C, it follows as claimed that K+ ¥ has at most a finite
number of eigenvalues in C. |§

6. ABSENCE OF SINGULAR CONTINUOUS SPECTRUM

We have already concluded for the anomalous case of y* =1 and 1=0
that the continuous and hence absolutely continuous and singular con-
tinuous spectra are empty; see Proposition 5.2. In what follows in this
section we will assume that either y°#1 or 1#0. The remaining cases
again involve an elaborate calculation. We begin with some notation. Let
R, (e) and R(e) denote the resolvents of K+ V and K, respectively.
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Theorem 6.1. Let I be a bounded self-adjoint operator for which

tm {(e) #i0 ()

exists whenever () has finite support, e lies in the upper half-plane, and e,
is restricted to —I(4, y) U I(4, y)\.S’, where S’ is a discrete subset which can
only have the points of E as accumulation points. Then the singular
continuous spectrum of K+ V must be empty.

Proof. We remark first that set containing e, is open and in fact is
a countable union of open intervals each of which is itself a countabie
union of clozintervals. So the set containing e, may be written as a count-
able union of both some closed intervals [«;, §,] and the corresponding
open intervals (o;, f;).

We will concentrate our attention on one such interval [, §]. By the

analyticity of
(e)mo(2)

outside the spectrum of K+ V the hypothesis that

o ()00

O<e<tl "2
for some ({;) of finite support and every pe (1, o) implies that there is
some point eq€ [z, f] and some (é) of finite support for which

iy { () #reora ()

does not exist. This is contrary to the assumptions of the theorem. So for
all (g) of finite support the left-hand side of (6.1) is finite for some
pe(l, o). The elements of finite support are dense in /, @ [,(Z), so that by
ref. 12, Theorem XII1.20, we find K+ V has purely absolutely continuous
spectrum on the open interval (o, ).

Now as the interval was chosen arbitrarily from the covering of
—I(4, y) U I(4, y)\S the singular continuous spectrum must be contained
in the union of the discrete set S’ with E, the endpoints of the intervals
making up +1I(4,7y). The singular continuous spectrum cannot contain
isolated points and so the singular continuous spectrum is empty. |

p
de = o0 (6.1)
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Our task is to verify that the hypotheses of the theorem apply to our
sitnation where V is a slf-adjoint local operator. Write the spectral
representation of V as

V=§:rj<vj, D’y (6.2)

for eigenvalues r; and orthonormal eigenvectors v;, j= 1, 2,..., N. These
vectors v; also have finite support within the support of V. Let D be the
orthogonal projection onto the range of V.

Lemma 6.2. Whenever R(e) is defined and 1+ DR(e)V is invert-
ible, R, (e) also exists and further:

(i) Ry(e)=R(e)— R(e) V(1+ DR(e) V1" DR(e).
(i) DR(e)V=X),_,r<v; Re)v;><v;, > v;.
Proof. Straightforward algebra. |

Using (6.2) and Lemma 6.2, it is clear that an inner product

(WEW)

may be evaluated as a sum of inner products (i.e., matrix elements) for the
operators R(e) and (1+ DR(e)V)~'. That is, when (ﬁ) has finite support,
the former inner product may be expanded as a finite sum of terms each
a product of matrix elements of these operators between the vector (é) and
the vectors of finite support v, from the representation (6.2) of V. Now
if we can show that the matrix elements of R(e) are analytic in e in a
neighborhood of —I(4, y)u I(4,y), then the analytic Fredholm theorem

(ref. 12, Theorem VI.14) implies that the matrix elements

() oeomon= ()

are meromorphic as functions of ¢ on this same neighborhood. Thus, by
Lemma 6.2 the limits required by Theorem 6.1 exist except for a discrete
subset of these intervals.

Now observe that by Fourier transforming as in (2.4),

(o) (@))

may be written, for (gﬁ) of finite support, as a finite sum of integrals of the

form ing
2r e
Int(n, e) .[0 e®> — (cos 8+ 24)*> —y?sin* 6

(63)
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where 7 is an integer and the coefficients are linear functions of the variable
e. Moreover, the functions Int(n, e) are analytic for z in the connected
components of the set R, = {e| J(e)>0, R(e)e —I(4,y) v (4, y)}. Once
we establish the next lemma we will have essentially achieved our goal.

Lemma 6.3. All the integrals Int(n, ¢) have analytic continuations
across the boundary +1(4, y) of the components of R, to components of
R={e|R(e)e =I(A, y)UI(4,7)}.

Proof. These integrals may be evaluated explicitly by splitting the
integrand into partial fractions and doing a contour integral in the variable
z=e¢" provided the denominator as a function of z has no roots of
modulus one. The latter only occurs when e lies in the closure of
—I(A,y) U I(4, 7). Some, complication could also arise when ecE, ie.,
when the roots of the denominator are repeated. However, R, does not
contain any point of the axes, and hence no point of either of these two
sets. )

The result of the integral depends on the parameter values and we
summarize the computations as follows:

(i) y*#1. The transformed denominator has four roots when
ee R, , two of modulus greater than one and two less than one.
Adopting our previous notation where r, s denote the distinct
roots of the quartic Q(z) of modulus less than one, we obtain

87 rs plrt+l g+t
I — . . - .
nt(n, e) L—y2 (s=r)}1—rs) I:l—r2 1—s2:| (64)

(i) y2>=1, 150. The transformed denominator has two (distinct)
roots when ee R, one of modulus greater than one and one less
than one. If r is the root of the quadratic—to which Q(z)
reduces—with |r| < 1, we obtain

r|n|+l

T (6.5)

Int(n, 6) = z .

To facilitate the analytic continuation, we note, by ref 11,
Theorem 3.6, that given a polynomial p(z, e) in two complex variables
satisfying p(zy, o) =0 and (dp/dz)(z,, €4) #0, there is a neighborhood of
(2o, €,) within which the set of points (z, e) with p(z, ¢) =0 forms the graph
of a function z = r(e) analytic in a neighborhood of ¢,. We apply this in the
cases y*# 1 to the quartic Q(z) regarded as a polynomial Q(z, e) in (z, e).
We find for any e,, except where Q(z) has a repeated root as a polynomial
in z, which is the set E, that there is a neighborhood U of e, and analytic
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functions r;, j=1,..,4, on U satisfying Q(r,(e), ¢)=0 for all ec U with
ri(eo), j=1, 2, 3, 4, being the four distinct roots of Q(z, eq) =0. When
y*=1, 1#0, and hence Q(z) reduces to a quadratic, there are of course
only two such functions corresponding to the two distinct roots. Hence-
forth we deal only with the case y?# 1, the other being similar.

Let S now denote some simply connected, path-connected open set in
C\E and e, some point in S and U be some neighborhood of ¢, in §
satisfying the above description. Let r,, r,, ry, r, denote four such analytic
functions on U as described. We may assume the set U is an open ball and
as the r; are distinct at e, that for eeU and i#; we in fact have
ri{e)#r;(e) on U. Further note that the points e where Q(z, ¢) has
repeated roots are the elements of the set £ and no root equals +1 unless
it is repeated. We may further assume that the r, are so numbered that
ri(eg) raleg) =1=r;(eq) rs(ey) and hence that the other products are not
equal to 1. Hence by choosing a smaller ball if necessary we may assume
for all ee U that these other products remain unequal to 1 and hence for
all ee U that r(e) ry(e) = 1 =r5(e) ry(e).

Given such an open ball U, choose any open set V in S whose inter-
section with U is connected. Let r be analytic on V with Q(r(e), ¢) =0 for
eeVandlet r;, j=1,.., 4, be analytic on U and satisfy the properties listed
above. Then it follows that for each ec UNV, r(e) = r;(e) for some j which
a priori may depend on e. As U V is connected, one sees that in fact j is
constant over Un V. This implies for the other possible values of j that
r(e) #r;(e) for all e in the intersection.

Now we apply a monodromy-type argument. Let e, be some arbitrary
point in S and U some open ball in S containing e, as described above.
Given any path I"in S with I'(0) =e,, regard it as a complex-valued func-
tion on [0, 1]; we let r be analytic on U and suppose Q(r(e), €)=0 on this
ball. Let se[0, 1] be the supremum of those r such that (U, r) admits
an analytic continuation along IO, ] with the analytic continuation
satisfying:

() There is a finite sequence s;, j=0,..., m, of points in [0, ¢], with
50=0, 5,,=1t, and open balls D, = S, j=0,..., m — 1, respectively,
containing I([s;,s;,,]) and analytic functions w; defined on
each D; with wy(e) =r(e) for ee Dy~ U and w,(e) =w;,, ,(e) for
eeD;,uD,, k.

(xx) Q(w;(e),e)=0for eeD,.

Now if s <1, a straightforward argument along the lines of the pre-
vious three paragraphs shows that » may be analytically continued to an
open ball D, , | centered on I'(s) and such that both (%) and (*#) hold for
Jj=0,.,m+1. So we have s=1 and that there is a neighborhood of the
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point 1°(1) to which (U, r) may be analytically continued with () and (#x)
holding. By the monodromy theorem (ref. 11, Theorem 8.14) there is a
unique function ¢, analytic on S, extending the function r from U to S.
Notice that the map which sends e to Q(¢(e), e) is analytic in S and zero
where ¢ equals r, which includes the open set U and hence is zero
everywhere on S.

If we choose the set U sufficiently smail so that as above we have four
functions r, analytic on U, distinct at every point of U, and satisfying
ri(ey ry(e)=1=r;(e) ry(e) and Q(r,(e), e) =0 everywhere on U, we may, as
in the preceding paragraph, construct for each i an analytic function ¢; on
S extending r;. They will be distinct as ¢, extends r; and all satisfy
QO(¢,(e), ) =0 everywhere on S. Also, as ¢,(e) ¢,(e) — 1 and ¢s(e) g,(e) —1
are analytic and zero on U, both are also true for all e€ S.

The functions ¢; so constructed differ at every point of S. For the set
of points where any ¢,(e) —¢,(e)=0 is discrete in S or all of S. Suppose
there is a point where they are not all different. About such a point we may
find a ball U< S and four functions r; on S, distinct and analytic at every
point of U and satisfying Q(r/(e), e)=0 on U. As Un §= U and is convex,
a result above shows for each i in turn that there is a unique k such that
¢.(e)=r.(e) for all ee U. Since the r, are everywhere different on U, so are
the ¢, unless they agree everywhere on U and hence everywhere on S,
which is not true. Thus the values of the ¢, are distinct at every point and
from the last paragraph it must also follow that ¢;(e) ¢;(¢)=1for any e€ §
iff {i, j}=1{1,2} or {3,4}.

Since no root of Q(z, e) is +1 unless e€ E, it follows that ¢;(e) # +1
on such S. It is also true that if S does not meet — {4, y) v I(4, y) U E, then
Q(z, e) has no root of magnitude one and hence for each j either |¢;(e)| > 1
holds for all eeS or |¢;(e)| <1 holds for all eeS. It will follow in this
circumstance that precisely one of ¢,, ¢, has magnitude less than one and
similarly for the pair ¢5, ¢,.

By a similar argument we see that the functions so constructed are
independent of the original point ¢, and function elements, at least up to
reindexing.

We now return to extending the integrals Int(n, ¢) of (6.4). Let L,
denote any one of the open intervals in — I(4, y) v I(4, ). Further, let L=
{z|R(z)eLy}and L, ={z|Re Ly, 3(z)>0}. The set E is a subset of the
axes not meeting —I(A, y) U I(4, y) and the latter set does not contain 0. It
follows that neither L nor L, meets E. By the above arguments we may
find four functions ¢, on L, analytic and distinct at every point of L, which
further satisfy:

(1) Q(g.(e),e)=0"for all i and ec L.
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(ii) ¢;(e)*#1 for all ee L.

(iii) @i(e) gale)=1=gs(e) ¢4(e) for all ee L and ¢,(e) #;(e)#1in all
other cases.

(i) Igue)l, [ds(e)l <L <Ids(e)l, [fale)] for all ec L.,.

From this it follows easily that the function Ext(n, e) defined for e L and
neZ by

8n 91(e) ¢s(e)
1=y [$1(e) — ¢5(e)I[1 — ¢1(e) psle)]

¢]1n|+1 B ¢gn|+1
* [1—¢1(e>2 1—¢3(e>2]

equals Int(n, e) for ee L, and is furthermore well defined and analytic
everywhere on L.

This completes the proof of Lemma 6.3 in the case y?# 1. As indicated
earlier, the method of proof of the result when y2=1 and A#0 is the
same. |

Ext(n, ¢)=

Finally we need to verify the hypotheses of Theorem 6.1. Let L now
denote the set {z:R(z)e —I(4,y)Ul(4,y)} and L, now be the set
{2:3(z) >0, R(z)e —I(4,y) W I(4, 7)}. By Lemma 6.3 we now know that

i (00 K v (7))

exists for eqe —I(A, y) U I(4,y), ¢>0, and functions (g_) of finite support
and that as a function of e,

(a)=a(a)

admits an analytic extension from L, to the set L. Combined with
Lemma 6.2 and the representation of V in Eq. (6.2), we then find that
DR(e)V admits an analytic extension from R, to R, as a (finite-rank)
operator-valued function. As |e| —» o0, R(e) converges to zero in norm and
hence DR(e)V does also, which implies that (1 + DR(e) V)~ ! exists for all
e with norm sufficiently large. If Z(e) denotes the analytic extension of
DR(e)V from L, to L as a finite-rank operator, then we conclude that
(1+Z(e))~ " exists for some e in each connected component of L. The
analytic Fredholm theorem then implies that as a function of e,
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(1+ DR(e)V) ! and hence exists for all ee L except for a discrete subset.
It follows that except for a discrete set of points eqe —I(4, y) U I(4, 7),

iy (5 0+ or0m ()

exists for £>0. By Lemma 6.2 the existence of these limits above in the
described circumstances shows that the conditions of Theorem 6.1 may be
satisfied and thus the singular continuous spectrum is empty whenever
y2#1 or A#0.

As indicated at the start of this section, the continuous and hence
singular continuous part of the spectrum of K+ is empty when y?=1 and
4=0. Hence we have now proved Theorem 1.1. The same result also holds
for self-adjoint local perturbations of K,. Hence Proposition 5.7 now
implies that Theorem 1.1 also holds for K, + V.

Finally we note the following corollary of our arguments.

Corollary 6.4. The spectrum of K (4, y) contains an eigenvalue at
0 iff y #0 and |A| < 1/2. Otherwise the spectrum contains no other eigen-
values unless y>=1 and A =0, when there are two more eigenvalues at + 1.
The singular continuous spectrum is always empty, as is the absolutely
continuous spectrum when y2=1 and A=0. In the other cases the
absolutely continuous spectrum consists of one or two closed intervals
of R,
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